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Abstract

This paper outlines a new direction for fundamental heat transfer: a multidisciplinary approach (combined heat
transfer and strength of materials) in the conceptual design of structures that have two functions, mechanical strength
and resistance (survival) in the presence of sudden thermal attack. The two functions are considered simultaneously,
from the start of conceptual design. This is unlike traditional approaches, where structures are optimized for
mechanical strength alone, or for thermal resistance alone. In the first part of the paper, the profile of a beam loaded in
bending is optimized by maximizing the lifetime in the presence of sudden heating. The propagation of the heat wave
through the beam causes softening, because of the gradual transition from elastic behavior to thermoplastic behavior.
In the second part of the paper, the subject is a beam of concrete reinforced with steel bars. It is shown that the clash
between the mechanical and thermal objectives of the beam generates the shape of the beam cross-section, and the
position of the steel bars in the beam cross-section. The generation of optimal architecture for maximal global per-
formance under global constraints in freely morphing systems is constructal design. On the background of the con-
structal architectures that have been developed so far, the present paper outlines the first steps toward the constructal
design of multiobjective (multidisciplinary) architectures.
© 2004 Elsevier Ltd. All rights reserved.

Keywords: Constructal theory and design; Geometry optimization; Thermal attack; Transient conduction; Beam in bending;
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1. Introduction

A newly emerging body of work [1] is drawing
attention to the principle-based generation of optimal
geometry (configuration, architecture) in flow systems
endowed with global objectives and global constraints.
In the beginning of this process the system geometry is
missing. The acquisition of geometry is the mechanism
by which the system meets its global objectives under
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constraints. This mechanism is at work not only in
engineered systems but also in naturally occurring sys-
tems, animate and inanimate. The view that geometry is
generated by the pursuit of global performance under
global constraints has been named constructal theory.
The earliest work was devoted to the simplest type of
geometry generation: systems the development of which
is driven by a single objective. For example, in the tree-
shaped constructs generated for cooling a volume the
single objective is the minimization of the global thermal
resistance (e.g., [1, Chapter 4]). In tree-shaped constructs
for distributing a fluid stream to an area (or collecting a
stream from an area) the single objective is the mini-
mization of the global resistance to fluid flow, or the
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Nomenclature

area, m’

width, m

shape parameter

distance between two consecutive bars, m
diameter of steel bar, m

elastic modulus, Pa

strength, Pa

load, Nm™!

height of beam cross-section, m
thickness of beam, m

moment of inertia, m*

thermal conductivity, Wm™' K~!
length, m

shape parameter

number of steel bars

moment, N m

heat flux, Wm2

time, s

temperature, K

beam length in the z-direction, m
coordinate, m

function of x

coordinate, m

function of y

elastic core thickness, m
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N~< N2 3N

Greek symbols
1

o thermal diffusivity, m?s~
B coefficient, K™!

0 deflection, m

¢ steel fraction

A protecting layer, m

0 dimensionless temperature
o radius of curvature, m
4 stress, Pa

Subscripts

C concrete

max maximum

m maximum

n neutral line

n nominal

ref reference value

S steel

y yield point

o0 ambient

* effective

Superscripts

dimensionless variables
- averaged value

global pumping power (e.g., [1, Chapter 5]). In the de-
sign of mechanical structures with prescribed loading
and stiffness, the single global objective is the minimi-
zation of the material used to build the structure (e.g., [1,
Chapter 2]).

The great diversity and apparent lack of ‘correlation’
of the structures that emerge in nature and engineering
can be attributed to the fact that even the simplest ele-
ment of a complex system has more than one objective.
This is why a systematic extension of the constructal
approach to multi-objective systems is necessary and
timely. A first step in this direction was described in Ref.
[2], where the internal structure of a cavernous wall of a
building was deduced by pursuing two objectives: ther-
mal insulation and mechanical strength.

The combined ‘flow and strength’ geometry proposed
in Ref. [2] occurred on a rich background of research
where the thermal and mechanical objectives have been
pursued separately. The field of strength of materials is
rich in examples of optimal shapes and structures for
prescribed stiffness with minimum mass, or prescribed
mass with maximum stiffness [3-5], e.g., the cantilever
beam [6] and the column in end compression [7-9]. In
heat transfer, there are many examples of shape opti-
mization with a single objective. For example, the min-
imization of global thermal resistance was the driving

force in the shaping of fins [10-14] and two-dimensional
enclosures with natural convection [15,16]. The maxi-
mization of thermal resistance in deformable enclosures
with natural convection was described in Refs. [17,18].
The minimization of entropy generation rate was the
single objective that led to optimal fin shapes in Ref.
[19].

In this paper we take the combined ‘flow and
strength’ constructal method in a new direction: systems
that must be mechanically strong and, at the same time,
must retain their strength and integrity during thermal
attack. Mechanical structures become weaker and may
collapse if they are exposed to intense heating. The
collapse of the World Trade Center is a reminder of how
dangerous the effect of sudden intense heating can be.
Large buildings, highway overpasses and industrial
installations are vulnerable.

The classical approach to providing a structure with
thermal resistance against intense heating is by coating
the structure with a protective layer after the structure
has been designed [20]. This paper is a proposal to
change the conceptual approach to optimal structures,
away from the single-objective lessons of the past, and in
line with the two-objective morphing of structures
shown in Ref. [2]. We illustrate this approach by opti-
mizing two classes of structures exposed to sudden
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heating: beams in pure bending (Sections 2-4), and
beams of concrete reinforced with steel (Sections 5-8). In
both classes the solid structure is penetrated by time-
dependent conduction heating. We show that the
mechanical and thermal objectives compete, and that
this competition generates the optimal geometry of the
system.

2. Beam in bending

Consider a beam simply supported at each end (Fig.
1). The beam geometry is two-dimensional, with the
length L and symmetric profile H(x). The total load F
[Nm™'] is distributed uniformly over the beam length L.
The force F is expressed per unit length in the direction
perpendicular to the plane of Fig. 1. The weight of the
beam is assumed to be negligible in comparison with the
load. The beam profile is sufficiently slender so that its
deformation in the y-direction is due mainly to pure
bending.

The beam is initially isothermal at the ambient tem-
perature T, where it behaves elastically throughout its
volume. The modulus of elasticity is £, which for sim-
plicity is assumed constant. Thermal attack means that
at the time # = 0 the beam is exposed on both surfaces to
the uniform heat flux ¢”. Temperatures rise throughout,
but they rise faster in the subskin regions (Fig. 2). These
are the first regions where the material behavior changes
from elastic to plastic. The last to undergo this change is
the core region of thickness Z(x), in which the material
behaves elastically.

The total bending moment in a constant-x cross-
section is (e.g., Refs. [3-5])

M FL x X

w=207) M
where W is the beam length in the z-direction, which is
perpendicular to the plane of Fig. 1. This moment is
balanced by the moment due to the tensile and com-

pressive stresses (o) that are present in the cross-section.
When o is less than the yield stress oy, the material be-
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Fig. 1. Beam in bending with uniform loading and sudden
heating from above and below.
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Fig. 2. The stresses in the elastic and thermoplastic regions of
the beam cross-section.

haves elastically. The yield stress decreases as the local
temperature increases. For simplicity, we assume a lin-
ear model for the effect of 7 on gy,

21— (T~ T) 2)
Oy ref

where the f§ coefficient is a property of the material, and
Trer is a reference temperature, such that oy ¢ = oy (Trer).
For the sake of convenience, the reference temperature
was set equal to the ambient temperature, ;s = T, and
Oyref = Oyoo- IN the elastic core the stresses vary linearly
(e.g., Ref. [21]),

o y

w72 3)
In this expression g, is the yield stress at y = £Z/2,
which is associated with the instantaneous temperature
at that location, 7, cf. Eq. (2). We assume that in the
peripheral regions outside y = +Z/2 the material is
perfectly plastic, so that o is equal to oy(T), where T is
the local temperature.
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The first drawing in Fig. 2 summarizes qualitatively
the distribution of stresses in the cross-section, at a time
when plastic regions are present, Z < H. In this model
we accounted for the fact that in the beginning there is a
time interval when the entire beam is elastic, and the
maximum stress (o, at y = £H/2) is still below the
yield stress. During this initial time interval the beam
deflection is constant in time. The moment formed by
the stresses in the beam cross-section,

H)2
M:/ o(t,x,y)ydy 4)
w “H)2

leads to a two-term expression that accounts for the
elastic and plastic regions,

H2

(1= pAT)ydy

(5)

SIK

1
L T xy = 2/2)22 + 20,1 /
6 z)2

where
oy[T(t,x,y = Z/2)] = oyur[l — AT (t,x,y = Z/2)]  (6)
AT (t,x,y) = T(t,x,y) — T (7)

Egs. (1) and (5) can be combined to pinpoint the loca-
tion of the elastic—plastic interface, Z(¢, x), for a specified
beam profile H(x), and temperature distribution
T(t,x,y).

Consider next the beam deflection in the y-direction.
The local radius of curvature p of the deformed beam is
(e.g., Refs. [3-5]),

o(t,x) = IM (8)

2Umax

As a first approximation, for small deflections the po-
sition of the neutral line [y = d(x)] can be written as
d’s 1

TSR 9)

In the absence of a plastic zone, the stress in the outer
fibers (y = £H/2) is

amax:%x(l f%> (10)

which must be used in Eq. (8). On the other hand, when
a plastic zone is present, the maximum stress is reached
at the plastic—elastic interface, omax = 0y[T(Z/2)]. Eq. (9)
can be integrated twice to obtain the position of the
neutral line. The boundary conditions are

0=0 atx=0 (11)
0=0 atx=1L (12)
The maximal deflection occurs in the midplane,

Om = —0(x=1L/2) (13)

The amount of beam material is fixed, and, in view of
the two-dimensional geometry of Fig. 1, the profile area
is also fixed,

A= /LH(x)dx (14)

We considered many profile shapes, e.g., Eq. (23) in the
next section. For every assumed shape, we calculated
numerically the time evolution of the maximal deflec-
tion, dn, (7). The objective is to identify the shape for
which d,, is the smallest at a given ¢. This shape is the
most resistant to thermal attack.

3. Maximization of resistance to sudden heating

The numerical work was conducted in dimensionless
terms by using the dimensionless variables:

x:%, y:HL/z, Z:ﬁ (15)
Z:é FJ:% Z:% (16)
=% =i (17)
5:%, AT = AT;H]; (18)

The local beam temperature is known from Fourier
analysis [22], under the assumption that the beam profile
is slender so that conduction in the x-direction is negli-
gible:

)

7 s - : (_1)" 7}127'[2; o
i+ €% 22 s cos(nmy)

<
2

AT =H

n=1

(19)

The infinite sum in the square brackets is important only
in the beginning, and vanishes rapidly for 7> 1. In
summary, Egs. (5), (9) and (14) become

1) =0 50 BT 2.51)

4 /~ 1 BAT(w,?Jlfdy} (20)
& 5,[1(2/2)
w2 Z(x,1) el
A :/0 H (%) dx (22)

To start with, we considered a family of beam shapes
that are smooth and thicker in the middle, e.g., Fig. 1:
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H = C[x(1 —%)]" (23)

The shape parameters C and m are related through the
size constraint (22),

A/LZ_ 1~ e
T_/o [f(1 — )" dx (24)

The geometry is characterized by one shape parameter
(m), which plays the role of degree of freedom, and by
three construction parameters: A4, f)’ and Gy . The latter
is defined as

~ _ Uy(Toc)
O_y‘ref - F/L

(25)

The calculation of &,,(7) is performed from 7 = 0 until
the elastic core disappears at a location ¥. The model
constructed in the preceding section is not valid when
the elastic core is absent.

The numerical example given in Fig. 3 shows that the
deflection increases in accelerated fashion in time, and
that d, can be minimized by selecting the shape
parameter m. This is the key result: the beam geometry
can be selected in such a way that the beam as a whole is
most resistant to thermal attack. This is a result for how
the whole beam performs—a global result—because &y,
is a global feature. All the strained fibers contribute to
Om-

The influence of shape on performance is described
further in Fig. 4, where O (7) has been plotted for three
m values. Because the objective is to achieve the smallest
Om, we conclude that the best shape (m) changes as the
time increases. The intersecting d,,(7) curves mean that

500 -
B=01 A=0.05
i=115 By res =500
m
4501
. 112
T 105
0
400 T T T T T T T T T
0.4 0.5 0.6
m

Fig. 3. The minimization of the mid-length deflection by
selecting the beam shape parameter m.

500 B=01 A=0.05
8y ref = 500
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0.53 :
|
‘ |
m = 0.56 ‘ |
|
|
1 \
|
\
|
T |
|
‘ |
400 ; : : T
110 - 115
t

Fig. 4. The effect of the beam lifetime (7) on the minimization of
the mid-length deflection.

mop decreases as 7 increases. This decrease accelerates in
time, as shown in Fig. 5. The same figure shows that the
minimal mid-plane deflection Sm‘mina which corresponds
to the optimally changing shape mqy (), also accelerates
in time. If 7 denotes the prescribed life-time of the
beam—the time in which it must withstand the thermal
attack—then for every 7 there exists an optimal beam
shape.

Important in Figs. 4 and 5 are the short times, where
deflections are small and comparable with deflections
based on the assumption that thermal attack is absent.

0.6 — 600
A=005 B=01
By o =500 r
Mopt ) «
[ sm,ni-
Dopt LI
0.5 + 500
0.4 T T 400
100 110 120

i
Fig. 5. The optimized beam shape parameter and the mini-
mized mid-length deflection.
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In this limit there is a definite beam shape that is opti-
mal. This is also the limit in which the model constructed
in Section 2 is valid.

4. Beams with double-trapezoid profile

The optimization of the beam profile for maximal

resistance to thermal attack is instructive in a funda-
mental sense, because it proves that an optimal beam
profile exists. A beam profile that is easier to manufac-
ture than the smoothly-varying profile assumed in Fig. 1
is the shape shown in Fig. 6. The beam is thickest in the
middle (H.y) and thinnest at the ends (Hy,;,). The area
of the profile continues to be constrained,
A :%:%(Hmin + Hmax) (26)
where (F[mim ﬁmax) = (Hmin, Hmax) /L. This profile has
one degree of freedom, the role of which is played by the
dimension ﬁmin, or Itlmﬂx. This dimension was optimized
so that the mid-length deflection is minimal for a spec-
ified life-time 7. The optimization results presented in
Fig. 6 are analogous to the mqy(7) shown in Fig. 5 for
the smooth profile.

aX) ~
A=0.05
Sy et =500
8l:n,mm -
B=02| o1s 0.1
500
400 T T T T T T T T T 1T
0 50 100
1
0.05
B=o. 0.15 0.1
I‘:lmi_n,opt T / /
0 T T T T T T T T T 7T
0 50 100

-2

Fig. 6. The minimized mid-length deflection and the optimized
shape parameter when the beam profile is shaped as two trap-
ezoids fused base to base.

4 B=0a
1000 - &y,ref =500
T 0.06

s
E.
!
o
S

">t

Fig. 7. The effect of beam size (Z) on the optimized design and
performance when the beam profile is shaped as two trapezoids
attached base to base.

The minimized deflection is also reported in Fig. 6.
This chart is analogous to the ,,(Z) curve shown for
smooth profiles in Fig. 5. Parameter j accounts for the
influence of the temperature on the yield point. A larger
f means a more rapid decrease in &, with increasing
temperature. The decrease of G, causes a faster sagging,
as shown in Fig. 6.

The sensitivity of the optimized geometry to changes
in system size (Z) is documented in Fig. 7. The amount
of material used to build the beam is proportional to the
parameter 4. Thicker beams are stiffer, i.e. they experi-
ence smaller deflections for a given load.

5. Steel-reinforced concrete

In this section we illustrate the opportunity for
optimizing the internal structure of a beam of concrete
reinforced with steel bars. Once again, the objective is
maximal survivability to thermal attack. The beam is in
pure bending, and its cross-section is shown in Fig. 8.
The steel bars run in the direction perpendicular to the
figure, and are modeled as a slab with cross-section
hs x b. The beam is loaded such as the steel slab is in
tension, while the concrete situated above the neutral
line is in compression.

Thermal attack is modeled as a uniform heat flux
(¢"), which is imposed suddenly on the periphery of the
beam cross-section. The most critical part that is vul-
nerable under thermal attack is the steel, therefore in the



L. Gosselin et al. | International Journal of Heat and Mass Transfer 47 (2004) 3477-3489 3483
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y concrete
= S G neutral
J line
h . Jrm— Steel
y=h* l
T A
concrete A’
y=h

80000

Fig. 8. The cross-section of a beam of concrete reinforced with
steel and heated suddenly from below.

simplest model we focus on the ¢”-heating that is applied
on the bottom of the cross-section, which is the closest
to the steel. A layer of concrete of thickness / protects
the steel against the thermal wave driven by ¢”. The
thickness A plays an important role. In order for the
beam to support a large load, 2 must be small: the steel
must be positioned as far as possible from the top of the
beam cross section. On the other hand, a high resistance
to thermal attack requires a large A. The competition
between these two requirements represents an optimi-
zation opportunity.

A competition exists because the beam design must
meet two objectives, mechanical strength and thermal
resistances. There are two constraints, the area of the
beam cross-section

A=hb (27)

and the cross-sectional area of the steel, 45 = hb.
Alternatively, the steel constraint can be expressed as the
area fraction occupied by steel in the cross-section,
As  h
_ s _ s 28

p="=1 (28)
Because steel is expensive, it is reasonable to assume that
hs < h, or ¢ < 1. The distance from the top of the beam
to the mid-line of the steel cross-section is

. hs

h=h— 21— > (29)
In accordance with the classical model of a reinforced
beam [3,23-25], we assume that the beam is loaded en-
tirely in the elastic regime, with concrete in compression
(0 <y < hy,), and steel in tension. The moduli of elas-
ticity of concrete and steel are E. and Ej, respectively.
The stiffness of the cross-section is characterized by

_ 3
El = EA,(h" — hy)* + Ecb= (30)

where £, denotes the position of the neutral line, which
is given by

E, .. n2
E A )= b3 (31)

6. Heating from below

The heating of the beam from the bottom is a process
of unidirectional time-dependent conduction in a het-
erogeneous medium containing two materials, concrete
of thermal conductivity k, and steel. The assumption
that the amount of steel is small (¢ < 1) justifies the use
of a conduction model in which the steel is represented
by a line drawn at y = h*. In a more realistic model in
which the finiteness of 4; and the high thermal conduc-
tivity of steel are taken into account, the advancing
thermal wave would be characterized by a narrow and
relatively isothermal region of thickness 4. This ‘flat
spot’ of the instantaneous temperature profile is ne-
glected in the present model, for which the conduction
equation and boundary and initial conditions are

or T

or ¢

or

L0 aty=0 (34)
dy

T=T. ati=0 (35)

The analytical solution for the temperature field is [22]

Ty,t) =T, at 1/y\2 1 -
e t3() s

=1)" s
X ﬁe Hm cos <nn%) (36)

The elastic modulus of steel decreases monotonically as
the temperature increases. Consequently, the heating
process has the effect of decreasing the beam stiffness,
Eq. (30). We account for the coupling between the
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changing temperature field and the global stiffness of the
beam by using the relative (dimensionless) elastic mod-
ulus [24]
T ES(T )
Eg=—(i

E(20 °C) (37)
The reference elastic modulus was set at E; (20 °C) =
200 GPa, which is representative of both low and high
carbon steel. The relative modulus for steel is [24]

1 T<100 °C

1.10 — 0.001T 100 °C < T <500 °C

2.05 - 0.0029T 500 °C < T <600 °C
E, =< 1.39—0.0018T 600 °C < T <700 °C

0.41 —0.0004T 700 °C < T <800 °C

0.27 — 0.0002257 800 °C< T <1200 °C
0 1200 °C< T

(38)

where T is expressed in °C. The elastic modulus of
concrete was assumed insensitive to temperature chan-
ges, and was set at E. = 20 GPa. The thermal properties
of concrete are k = 1.44 Wm™' K~! and & = 6.92 x 1077
m?s~!. Numerical simulations were performed for a
beam with these material properties and 4 = 0.3 m?,
¢ =0.03and ¢" =2 x 10* Wm2,

The cross-section geometry has two degrees of free-
dom, the aspect ratio /b and the protective thickness 1.
In the first phase of numerical simulations we fixed //b
and varied 4. Fig. 9 shows the evolution of the global
stiffness in time, as the heat wave expands into the beam.
Most resistant to this softening effect are beams with
thicker protective layers. Such beams are also the
weakest when not under thermal attack.

0.3
q"' =2x10* Wm™?

A=03m? ¢=0.03

h
1 —=1
b 5

EI(GPa-m‘)

0.19

0 5 10
t (10%s)

Fig. 9. The evolution of the beam global stiffness during
heating from below, when the beam aspect ratio is constrained.

0.3 0.15
q' =2x10* Wm™
A=03m* ¢=0.03
h =15
b

El, El,,
(GPa-m*) 0.27 ro.1
0.1 [0.05
Aoy Ay (m)
0 T T T T T T T T T 0
0 5 10

t (10°s)

Fig. 10. The optimal protective layer thickness and maximal
stiffness for a specified lifetime (r) under thermal attack.

If the life-time (¢) for the survival of the beam under
the effect of ¢” is specified, then the reading of Fig. 9 at
constant ¢ shows that there exists an optimal Aoy (%)
where the beam stiffness is maximal El..(¢). In other
words, for a beam to support its load with maximal
stiffness at the end of its life under thermal attack, it
must be designed with an optimal thickness for its pro-
tective layer: Ao is the trade-off between the mechanical
and thermal objectives recognized at the start of Section
5. The optimal thickness of the protective layer is shown
in Fig. 10.

7. Global stiffness constraint

An alternative way to exploit the mechanical and
thermal trade-off is by relaxing the assumption that the
aspect ratio of the cross-section is fixed. In this case 1
and h/b may vary. If the global stiffness of the beam
(before heating) is specified by design, EI,—y, then A is a
function of 4/b. This function is illustrated in Fig. 11: A
is almost proportional to 4/b, and almost inversely
proportional to EI,_.

In summary, when EI,_ is constrained the geometry
of the beam cross-section has only one degree of free-
dom, 4 or i/b (e.g., Fig. 12). The global stiffness de-
creases monotonically as the ¢”-heating process persists.
The decrease in EI is slower when #/b is larger. This
makes sense, because taller cross-sections have thicker
protective layers. At a specified lifetime ¢, EI(¢) increases
monotonically as 4/b increases. This behavior is unlike
in Fig. 9, where an optimal 1 was found.

There are at least three reasons that limit the push
toward larger A/b and A values. First, during a real
thermal attack scenario ¢” acts all around the beam
cross-section. When #/b is large, the h-tall side surfaces
play a significant role in the heating of the steel bars, and



L. Gosselin et al. | International Journal of Heat and Mass Transfer 47 (2004) 3477-3489 3485

0.3
| q'=2x10* Wm™
} A=03m? ¢=0.03
0.2
Am) |
0.14
| 01
0 T T T T T T T T T
1 1.5 2

h/b

Fig. 11. The relationship between protective layer thickness
and cross-sectional aspect ratio when the global stiffness in the
absence of heating is specified.

0.3

] q' =2x10* Wm?

A=03m*> ¢=0.03

1 El_,=0.17 GPa-m*

0.2
El 1 h/b=17(A=0.126m)
(GPa-m*) .5 (0.089m,
0.14 1.3 (0.05 m)
0 T T T T T T T T
0 5 10
t (10%s)

Fig. 12. The evolution of the beam global stiffness during
heating from below, when the initial stiffness is constrained.

because of this the unidirectional conduction model no
longer applies. The second reason is that tall beam cross-
sections (large 4/b) require large heading room. The
rooms and buildings in which such beams are used must
be tall. Finally, if the beam width & is too small then,
contrary to the model of Fig. 8, it may be impossible to
place the steel bars with enough spacing between them in
one single row—impossible to embed them securely so
that they would cling to the surrounding concrete.

8. Heating from all sides

The unidirectional model of Fig. 8 has the merit that
it shed light on the opportunity to optimize the rein-
forced beam geometry. A more realistic model of the
beam cross-section is presented in Fig. 13. The beam
height and width are 4 and b. The total cross-sectional
area A is constrained, Eq. (27). There are n round steel
bars of diameter D. The spacing between two adjacent
bars is d. The area fraction occupied by steel in the
cross-section is

nnD?
44

b= (39)
The slab-shaped region occupied by the n bars is sur-
rounded by a protective layer of concrete. It is assumed
that the distance from this region to the nearest heated
surface is the same (1) in each of the three directions
from which heating is threatening: from below and from
the sides.

As noted in the preceding section, an important
construction requirement is that each steel bar must
continue to cling to concrete when it is in tension. This
requirement calls for positioning the bars sufficiently far
from each other. Design rules have been developed for
meeting this requirement [23]. For this reason, in the
model of Fig. 13 we require that the bar-to bar distance
d must be greater than or equal to D. If the required bars
(required by the specified ¢) do not fit in a single row,
then they must be placed equidistantly in two rows.

3403300
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Fig. 13. The cross-section of a beam of concrete reinforced with
round steel bars and heated suddenly on all sides.
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The description of the temperature history in the
beam cross-section is available analytically in the limit
¢ < 1, when the only conductive material that matters
is concrete. The temperature history due to ¢”-heating
imposed at ¢+ = 0 on all four boundaries is [22]

9(17)6'7)/) = T(l>x7y) - Too

=(T(t,x) = Two), + (T(t,x) — T) (40)

y

where

[\

=1, (5) 2 () =

= (1) oy ( y )
-2 e (12? cos | nm——=
2 oy "2
(42)

The origin of the x—y coordinates is placed in the center
of the beam cross-section: see Fig. 13. The temperature
of each bar cross-section is assumed uniform and equal
to the concrete temperature at the x—y location of the bar
center.

It is possible to combine this bidirectional time-
dependent conduction model with the elasticity-tem-
perature model of Egs. (37) and (38), and to calculate
the position of the neutral line and the time-evolution of
the global stiffness of the beam. This approach would
limit the results to beams and lifetimes (under attack)
when every element of the beam is still stressed in the
elastic domain.

In this section, we chose a more realistic and general
strength model, to take advantage of the refinements
contributed by the heat transfer model. To calculate the
maximal deflection of a beam in a general way, i.c.,
without assuming that the elastic regime prevails
throughout, it is necessary to calculate the stresses at
every point in the three-dimensional reinforced beam.
Then the deflection differential equation has to be
solved. A simpler version of this approach is available.
To characterize the strength of the beam in a global
sense, one can use (instead of deflection, or EI) the
nominal moment [23]

M, = A fh (1 - Osfﬂ> (43)

In this equation, f;, /7 and / represent the strength of
steel, the strength of concrete, and the y-position of the
bars measured from the top of the beam,

=3 A (@4)

SHA)

hE— s)
31T

The overbar indicates an average made over all the steel
bars that are present. The strength of the concrete f has
been evaluated at the average temperature of the beam
cross-section,

T = % // rdd (46)

The effect of the local temperature on the strength of
steel and concrete is taken into account by using the
dimensionless factors [24]

- _ KT ; J(T)

s = s c= ~ 47
where the reference strengths for steel and concrete are
fs (20 °C) = 500 MPa and f; (20 °C) = 35 MPa. The
influence of temperature on f; and f; is described by the
functions

1 T <350 °C
7 1.899 —0.00257T 350 °C< T <700 °C (48)
: 0.24 — 0.0002T 700 °C< T'< 1200 °C
0 1200 °C<T
1 T<100 °C
7= 1.067 — 0.000677 100 °C< T'<400 °C (49)
¢ 1.44 —0.0016T 400 °C < T<900 °C

0 900 °C<T

where T is expressed in °C.

9. Coupled heat transfer and strength analysis

According to the model of Fig. 13, the beam cross-
section has three geometrical degrees of freedom: 4/b, A
and n. For each assumed geometry (h/b, A, n), we
monitor the evolution of the nominal moment strength
in the presence of heating from all sides, M,(¢). The
constrained parameters are 4, ¢ and ¢”. We also fixed
the initial nominal moment, leaving only two degrees of
freedom, 4/b and n.

Fig. 14 shows the relation between the aspect ratio
h/b and the protective layer thickness 4 for a specified
initial strength and number of bars. The curves for n > 1
exhibit jumps as the aspect ratio increases. These jumps
are due to discrete changes in the internal structure—the
way the bars are positioned in the beam cross-section.
For instance, when the aspect ratio is high, in order to
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Fig. 14. The relation between the thickness of the protective
layer and the aspect ratio of the beam cross-section, for a fixed
initial strength and various numbers of steel bars.

satisfy the condition d = D (see Section 8) the designer is
forced to place many bars in a single row.

In the absence of thermal attack, all the beam designs
described by the curves of Fig. 14 are equivalent. They
provide the same nominal moment at ¢ = (0. However,
they behave differently in case of thermal attack. For
example, Fig. 15 shows the time evolution of M, for a
one-bar beam. At a given time, it appears that there is an
optimal aspect ratio /b for maximal strength. Similar
calculations have been performed for n =2 and 3. The
results are shown in Figs. 16 and 17. The existences of an
optimal design for a given time is again confirmed.

5
1 My = 14x105 Nm
q'=10* Wm® n=1
1 A=03m*> ¢=003
11
M, (10% Nm)
0.5
0 T T T T Y
0 10 20 30

t (10%s)

Fig. 15. The time evolution of the nominal strength of a beam
reinforced with one steel bar.

1.5
Mp 0 = 14x10° Nm

q'=10*Wm™® n=2
A=03m’ ¢=0.03

M, (105 Nm)

t (10°s)

Fig. 16. The time evolution of the nominal strength of a beam
reinforced with two steel bars.
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Fig. 17. The time evolution of the nominal strength of a beam
reinforced with three steel bars.

Finally, all the optimal shapes and structures are
reported in Fig. 18. Even though the optimal beam
shape (4/b) varies depending on how many bars are
embedded in the beam, the beam performance under
thermal attack does not appear to be significantly af-
fected by the number of bars.

10. Conclusions

Multiobjective systems are numerous and manifold,
and to address simultaneously their objectives calls for
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Fig. 18. The time evolution of the maximum nominal strength
and the corresponding optimal aspect ratio of the cross-section.

truly interdisciplinary research. In this paper, we illus-
trated the interdisciplinary approach by showing that
shapes and structures of beams can be optimized to face
thermal attack. Examples of optimized shapes were the
beam profile and cross-sectional aspect ratio. Optimized
internal structure was the position of the steel bars in
concrete.

The optimal architecture of the multiobjective system
is a consequence of the competition between objectives.
For the beams treated in this paper, the competition is
between the requirement of high strength in the absence
of thermal attack, and the call for thermally insulated
structures that resist thermal attack. The beam geometry
is generated by conflict. For example, the steel bars in a
beam of reinforced concrete must be placed as far as
possible from the top of the beam cross-section, in order
to support the largest bending moment. On the other
hand, the steel bars must be positioned far from all the
exposed surfaces (including the bottom of the beam
cross-section) in order to maximize the resistance to the
heat wave that penetrates the beam.

The work presented in this paper is fundamental and
exploratory. Its principal objective is to show that the
“combined heat flow and strength” method of Ref. [2]

can be used in a wide domain of great contemporary
importance: structures that combine mechanical
strength with thermal resistance. At a fundamental level,
this work is a proposal to change the conceptual design
of structures, such that all the objectives are pursued
from the start. For beams with strength and thermal
resistance, this paper shows how to combine two disci-
plines before the start of conceptual design: strength of
materials and heat transfer.

More realistic models can be combined with the
method outlined in this paper, in the pursuit of optimal
architectures that serve more than one objective. Struc-
tures of greater complexity (e.g., buildings) promise to
benefit from the multidisciplinary approach advocated
in this paper.

One of the reviewers of this paper commented on the
availability of all-powerful CFD optimization codes in
the structural community. It is important not to confuse
the method of constructal design with the blind opti-
mization of every possible feature in a design that, if
free, has an infinity of such features.

The reviewer also noted that real design consists of
flights of imagination, and with this we agree whole-
heartedly. The difficulty is that flights of imagination
translate into shorter and shorter leaps as structures
become more complex. The challenge is to inspire flights
of imagination early in the evolution of configuration,
when the design is still nakedly simple. Problems such as
the configurations of Figs. 1, 8 and 13 are significant
leaps forward from the amorphous black box with which
an all-powerful CFD code might start. To sense where
the optimization opportunities lie requires intuition. One
of the objectives of good research is to improve intuition.
Constructal design efforts are oriented in that direction.

In constructal design, we see the development of
high-performance complex flow structures as the opti-
mized assembly of optimized elements and optimized
simpler constructs. This route from the elemental to the
complex, from small to large, from single-scale to multi-
scale, and from single-objective to multi-objective rep-
resents the strategy of constructal design. The better the
strategy, the larger the leaps. The better the teaching of
strategy, the stronger the intuition in the still unbiased
minds of the audience.

It is ‘good strategy’ to know like an alphabet the
elemental systems that have had their shapes and
structures optimized, e.g., the round cross-section for
the duct with least flow resistance, the tree network for
maximal access between a point and an area, and the
tapered cantilever beam of equal strength [1]. This
knowledge allows the designer to build on and with the
best. It frees him or her from having to reinvent a whole
series of features in the construction of a complex
structure. It endows design with principles of architec-
ture generation, and brings design closer to science.
Scientific are the springs in the legs (read: minds) of
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those who leap far. Principles are quite unlike the
commercial “mechanistic’” CFD codes mentioned by the
reviewer. Principles promise to inject strategy and
streamlining into the CFD codes of the future, and to
make them considerably more effective. Constructal
design represents the focus on principles for the gener-
ation of configuration (drawing, architecture, design).

Another reviewer commented on the strong inter-
disciplinary character of this paper. Combined heat
transfer and strength of materials should be brought to
the attention of both fields. This means publishing not
only in structural mechanics, as the post-September 11
literature is showing, but also in heat transfer. The
present paper is a case of interdisciplinary research at its
best—a fundamental problem that is pursued with
interest by a team of researchers from both thermal
engineering and civil engineering.

For the continued vigor of heat transfer as a research
arena with purpose, it is crucial that each of us brings to
the attention of the heat transfer community the
important questions—the new opportunities—that lie at
the interfaces with neighboring or distant fields.
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